In this paper, we pointed out that the transfer function for computing the fuzzy preference degree for the construction of upward/downward fuzzy relations are not additive consistent. Appropriate counterexample is given. Further their modified versions are presented. Similarly, we construct upward consistency matrices of experts which satisfy the upward additive consistency and the upward order consistency simultaneously. After that, by introducing some new fuzzy upward β-coverings, fuzzy upward β-neighborhoods and fuzzy upward complement β-neighborhoods are proposed and related properties are studied. Furthermore, we propose multi-granulation optimistic/pessimistic fuzzy upward rough set based on fuzzy upward β-covering and investigate some of their properties. Finally we developed a new technique to multiple attribute decision making problem based on multi-granulation optimistic/pessimistic fuzzy upward rough set. The decision making procedure and the methodology as well as the algorithm of the proposed technique are given. The detailed comparison of the present work with other methods to multiple attribute decision making problem illustrate the advantages of the this work and limitations of other studies.
I. INTRODUCTION
Most of the theoretical work on decision making under uncertainty takes a certain type of the individual's behavior as a primitive and the determines the preference functional that represents the behavior. In general the individual's behavior is their private and professional life. The critical problem of decision making under uncertainty is how to deal with the individual's behavior and the reach to final optimal objective. However, because of the complexity, inaccuracy and unstructured of the decision making problems under uncertainty, and the limitations of knowledge and cognitive for individual decision maker, it is difficult to acquire a reasonable and scientific decision making with only single decision maker under uncertainty in reality. In order to get a reasonable and reliable optimal result, several experts come from different fields with different specialities are invited to constitute a group and handle the decision making problems together.
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So far the idea and principle of group decision making is used in many decision making problems emerged in management sciences, engineering management, and the social sciences. In the past few years, a large number of real world case studies and several new approaches and decision theories of multiple attribute group decision making problems in different domains are reported such as energy [1] , logistics [2] , safety management [3] , facility location [4] , business process management [5] , supplier selection [6] , etc. Another theory and methodology named as granular computing is introduced into multiple attribute group decision making problems which presents several interesting and valuable models and methods. Granular computing, established by Zadeh [7] , as a new perspective and way to handle of the uncertainty. Granular computing is referred as an umbrella term to cover several theories, methodology, techniques, and make use of information granules in complex problem solving [8] . Since the inception of rough set of Pawlak [9] , number of generalizations have been proposed in terms of different demands. For example, rough sets based on set valued mapping [10] , VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ generalized rough sets based on relations [11] , covering based rough set [12] , topological approaches to covering rough sets [34] , reduction and axiomization of covering generalized rough sets [13] , on three types of covering-based rough sets [35] , on some types of covering rough sets from topological points of view [14] , decision theoretic rough sets [15] , fuzzy rough set/rough fuzzy sets [10] , [16] , decision theoretic rough fuzzy sets [17] , variable precision rough sets [18] , probabilistic rough sets [19] , dominance based rough set approach [20] - [22] , multi-granulation rough sets [23] , [24] , multi-granulation decision theoretic rough sets [25] , multigranulation rough sets based on covering [26] , dominance based multigranulation rough sets [27] , soft dominance based multi-granulation rough sets and their applications in conflict [28] .
Covering based rough set theory was introduced by Zakowski [32] as an extension of classical rough set theory. As the importance of covering based rough set theory grew, an increasing number of scholars emphasized on many of its features. The lower and upper approximations of an arbitrary set are constructed in [13] , [30] - [32] . Pomykala [31] proposed two different types of covering based rough sets. Some researchers studied the covering based rough sets and the general covering based rough sets in [14] , [33] . They also put forward topological approaches. To interpret the various aspects of covering based rough sets, several works were proposed in [12] - [14] , [23] - [26] , [34] , [35] . In additional investigations such as [13] , [36] , [37] , other types of covering based rough sets are proposed and their relationships are discussed. D'eer et al. [38] combined Pawlak's rough sets and covering based rough sets and proposed a semantically appealing approach to them. In recent years, initial efforts have been done to extend covering based rough set models to the fuzzy setting [41] . Some researchers [39] - [42] investigated fuzzy covering rough sets. De Cock et al. [43] gave the definition of fuzzy rough sets based on the R-foresets of all objects in a universe of discourse with respect to a fuzzy binary relation. When R is a fuzzy serial relation, the family of all R-foresets forms a fuzzy covering of the universe of discourse. A method using a novel fuzzy rough set based information entropy was put forward in [44] . Although fuzzy coverings were used by Li and Ma in [45] , they only employed two special logical operators. It is therefore necessary to construct more general fuzzy rough sets based on fuzzy coverings. Following this method, D'eer et al. [50] have done remarkable efforts to generalize fuzzy rough sets based on fuzzy relations by using the concept of a fuzzy covering. The fuzzy covering based fuzzy rough sets and covering based fuzzy rough sets were investigated by many researchers, such as [46] - [49] . In 2016, Ma [42] defined two types of fuzzy covering rough set models which appear to draw a bridge between covering rough set theory and fuzzy rough set theory. This work generalized the models and their matrix representations to L-fuzzy covering rough sets too. Yang and Hu [47] , [48] and D'eer et al. [50] further studied fuzzy covering based on rough sets, and they proposed three types of fuzzy covering-based rough set models based on Ma's models [42] . Rough set theory has diverse applications in medical sciences. Several authors applied this theory to solve problems in medical sciences (for example [29] , [51] ). The original definition of a fuzzy covering is given in [41] .
A. MOTIVATION AND SIGNIFICANCE
In the framework of covering-based fuzzy rough set, a family of fuzzy subsets of the universe is used to define the concept of fuzzy coverings, from which different pairs of upper and lower approximation rough operators can be constructed. In [39] , Deng et al. induced fuzzy coverings from fuzzy relations to define fuzzy rough approximation operators. In [41] , Li at al. used fuzzy coverings to define two pairs of generalized lower and upper fuzzy rough approximation operators. In [40] Feng et al. studied reduction of fuzzy coverings and fusion of multi-fuzzy covering systems based on the evidence theory and rough set theory. In [52] , Zhang studied generalized intuitionistic fuzzy rough sets based on intuitionistic fuzzy coverings. The original definition of a fuzzy covering is given in [41] . Let U be the universe of discourse and F (U) denotes the collection of all fuzzy subsets of U. 
where C (K i ) x j denotes the efficiency of the medicine x j for the test K i . If the doctor wants to choose only one medicine of U, then a natural trouble arises due to the fact that the value given by the doctor is critical. This problem arises in a standard evaluation context. It is not difficult to realize that the doctor would not be able to select the right medicine for a disease by the recourse to fuzzy covering evaluation procedures. To overcome these limits, Ma [42] generalized the fuzzy covering to fuzzy β-covering by replacing 1 with a parameter β (0 < β ≤ 1) . Furthermore, Ma defined two new types of fuzzy covering based rough set models by introducing the new concept of fuzzy β-neighborhood. More work on this topic can be seen in [42] , [48] , [57] - [60] . But there are several short comings, for example, the above example is β -covering for (0 < β ≤ 0.4) . If the required critical value β = 0.5, then how is it possible to make β-covering for (0 < β ≤ 0.5)? In this paper, we pointed out that the transfer function for computing the fuzzy preference degree in [55] for the construction of upward/downward fuzzy relations are not additive consistent. Appropriate counterexample is given. Further their modified versions are presented. Similarly, we construct upward consistency matrices of experts which satisfy the upward additive consistency and the upward order consistency simultaneously. After that, fuzzy upward β -coverings, fuzzy upward β-neighborhoods and fuzzy upward complement β-neighborhoods are first proposed and some related properties are studied. Then the multigranulation optimistic/pessimistic fuzzy upward rough set based on fuzzy upward β-covering are initiated and their properties are investigated. Finally we construct a new approach to multiple attribute decision making problem based multigranulation optimistic/pessimistic fuzzy upward rough set. The decision making procedure and the methodology with the algorithm of the proposed technique are given and a detailed comparison of these with other methods to multiple attribute decision making problem is given which illustrate the advantages of our work and limitations of the others. The rest of this paper is organized as follows. In Section 2, some basic definitions are given. Section 3 focuses on the main work of this article. It includes upward fuzzy preference relation, upward consistency matrix, upward boundary constant, upward consistency degree and upward modified consistency matrix. Section 4, highlights the study of multigranulation fuzzy upward rough sets based on upward β-covering. In Section 5, we present the model and decision making methodology. In Section 6, we focus our attention on the example that illustrates the application of the proposed technique to decision making. Section 7 concludes this article with a comparison of the proposed technique with other existing techniques. Further in this section we provide the conclusion of the paper.
II. PRELIMINARIES
Definition 1 [53] : A fuzzy preference relation (FPR) R is a fuzzy set on U × U, which is a membership function µ R : U × U → [0, 1] . For U = {x 1 , x 2 , . . . , x n }, the FPR can also be represented by an n × n matrix r ij n×n ,
. .
where r ij interpreted as the preference degree of feasible alternative x i over feasible alternative x j , r ij ∈ [0, 1] , r ij + r ji = 1, for all i, j ∈ {1, 2, . . . , n}. Especially, r ij = 0.5 indicates that there is no difference between the feasible alternative x i and feasible alternative x j ; r ij > 0.5 shows that feasible alternative x i is preferred to feasible alternative x j ; r ij = 1 means feasible alternative x i is absolutely preferred to feasible alternative x j ; the r ij < 0.5 shows that feasible alternative x j is preferred to feasible alternative x i ; r ij = 0 means the feasible alternative x j is absolutely preferred to feasible alternative x i .
In the above definition, the FPR is considered, r ij merely presents the degree of preference of feasible alternative x i is prior to the feasible alternative x j . However, in practical applications, we need to show the degree of feasible alternative x i is poorer than the feasible alternative x j . In order to satisfy both cases, we call the FPR as on upward fuzzy preference relation (UF PR) and the other downward fuzzy preference relation (DFPR) . The UF PR is denoted as
. In general,
indicates that there is no difference between the feasible alternative x i and feasible alternative x j ; r ↓ ij > 0.5 shows that feasible alternative x i is poorer than feasible alternative x j ; r ↓ ij = 1 means feasible alternative x i is absolutely poorer than feasible alternative x j ; r ↓ ij < 0.5 shows that feasible alternative x j is poor than feasible alternative x i ; r ↓ ij = 0 means feasible alternative x j is absolutely poorer than feasible alternative x i .
Definition 2: A FPR R = r ij n×n is called an additive consistent FPR, if r ij = r ik − r kj + 0.5, for all i, j, k ∈ {1, 2, . . . , n}.
III. UPWARD FUZZY PREFERENCE RELATION
Hu et al. [54] adopted the well-known logsig transfer function
to compute the fuzzy preference degree of the feasible alternative x i to the feasible alternative x j
where k is a positive constant. Pan et al. [55] pointed out that this transfer fuzzy preference degree is not additive consistent suggesting another transfer function. The fuzzy preference degree of the feasible alternative x i to the feasible alternative x j is given as:
where ∧ and ∨ are the minimum and maximum value of g (x i , a) , respectively. But still the above transfer function do not work in some cases as seen in the below example. Example 1: Assume the nine candidates x 1 , x 2 , . . . , x 9 with three criteria a 1 , a 2 , a 3 as shown in Table 3 (See Appendix 1a) . Using the relation (3) to compute the fuzzy preference degree of the alternative x i (i = 1, 2, . . . , 9) to the alternative x j (j = 1, 2, . . . , 9) , to get (See Appendix 1) . But with criterion a 2 , one get
Similarly the values of r ↑ ij do not exist for all i, j = 1, 2, . . . , 9. Thus the upward fuzzy preference relations R ↑ a 2 x i , x j can not be achieved. Similar situation happens if we consider the criterion a 3 . The above transfer function for fuzzy preference degree is not additive consistent and thus the Definition 9, Theorem 2, Definition 10, Theorem 3, Theorem 4 and Definition 12 of Pan et al. [55] are ambiguous. In order to modify these results we suggest another transfer function. The fuzzy preference degree of the feasible alternative x i to the feasible alternative x j is
Using the relation (5) to compute the fuzzy preference degree of the alternative x i (i = 1, 2, . . . , 9) to the alternative x j (j = 1, 2, . . . , 9) , to get the upward fuzzy preference relation on criterion a 1 (See Appendix 2) . Similarly using the relation (5) to compute the fuzzy preference degree of the alternative x i (i = 1, 2, . . . , 9) to the alternative x j (j = 1, 2, . . . , 9) , to get the upward fuzzy preference relation on criterion a 2 (See Appendix 3) . Likewise using the relation (5) to compute the fuzzy preference degree of the alternative x i (i = 1, 2, . . . , 9) to the alternative x j (j = 1, 2, . . . , 9) , to get the upward fuzzy preference relation on criterion a 3 (See Appendix 4) .
It is not difficult to prove that our preference relation is additive consistent. We consider the following cases:
Case-I:
Case-II:
Case-III: 
It follows that
is an upward additive consistent fuzzy preference relation.
Then based on R ↑ , the upward consistency matrix for R ↑ satisfies the additive consistency, where
Proof: As we know that
Theorem 3: The upward consistency matrix R ↑ = r ↑ ik n×n satisfies the upward additive consistency and the upward order consistency as follows:
This implies that 
where h i denote the average value of the upward preference values r
ma is the maximum value and mi is the minimum value among the values of h
. One can naturally asks the following interesting question.
Question: Is it necessary that the upward preference value r ↑ ij in the upward consistency matrix R ↑ will always belong to [0, 1]?
The answer to the above question is given in the following theorem.
Theorem 4: Consider the upward consistency matrix
which satisfies the upward additive consistency and the upward order consistency. If the difference between the maximum value h s and minimum value h k among the values of h 1 , h 2 , h 3 , . . . , h n is greater than 0.5, then the upward preference value r ↑ ij in the upward consistency matrix R ↑ does not belong to [0, 1] .
Proof: If h s − h k > 0.5, then
This implies that
The following definition tells how much a fuzzy system is consistent. 
The closer the value of c ↑ the more the fuzzy system will be consistent. 
and * denotes the usual multiplication of real numbers.
The following theorem gives the upward additive consistency and the upward order consistency of R ↑ .
Theorem 5: The constructed upward modified consistency matrix R ↑ satisfies the upward additive consistency and the upward order consistency with the following properties:
IV. MULTIGRANULATION FUZZY UPWARD ROUGH SETS BASED ON FUZZY UPWARD β-COVERING
The idea of optimistic multigranulation rough set reflect the decision making of risk preferring decision maker in practice of medical sciences. Generally speaking, in the practice of decision making of medical sciences, there are many non determined decision making problems due to the difficult structure of the decision making problem itself, the complexity of the decision making environment and the inaccuracy and incompleteness of the available information. Also, different patterns of decision making occur because of the different risk preferences of decision makers. In this section, we propose optimistic multigranulation fuzzy upward rough set based on fuzzy upward β-covering and investigate some of their properties.
The upward and downward fuzzy preference classes A R ↑ i and A R ↓ i of x i induced by the upward and downward additive fuzzy preference relations (UAF PR) R ↑ and (DAFPR) R ↓ are given by
where '+' denote the set theoretic union operation. The UAF PR and DAFPR form families of fuzzy information granules from the universe which composes the upward additive fuzzy preference granular structure (UAF PGS) and downward additive fuzzy preference granular structure (DAFPGS), given by
Definition 6: Let U be an arbitrary universal set and P R ↑ be an UAF PGS. Then for each β
for each x ∈ U. The pair U, P R ↑ is called fuzzy upward covering approximation space (FU CAS). 
Then for each fuzzy subset µ of U, the lower approximation (LAµ) ↑ and the upper approximation (UAµ) ↑ of µ are defined respectively by: 
It is easy to see that 
Pessimistic multigranulation fuzzy rough set model describes the decision making process of conservative type decision makers or risk-averse decision makers. We propose multigranulation pessimistic fuzzy rough set based on fuzzy upward β-covering and investigate some of their properties. 
The concept of level set of a fuzzy set provides an effective method to transform a fuzzy set into a crisp set. In the following, we find upward β-neighborhood in the fuzzy upward covering approximation space and then present optimistic/pessimistic multigranulation rough sets and discussed their fundamental properties.
Definition 11: Let U, P R ↑ be an FU CAS and P R ↑ be a fuzzy upward β-covering of U for some β ∈ (0, 1] . Then for each x ∈ U, define the β-neighborhood N ↑β x of x as: 
It is easy to see that Then for all X 1 , X 2 , . . . , X n ⊆ U, the optimistic multigranulation upward rough set satisfy the following properties: x ∈ U :
Definition 13: Let U, P R
It is easy to see that Then for all X 1 , X 2 , . . . , X n ⊆ U, the pessimistic multigranulation upward rough set satisfy the following properties: (i).
Definition 14: Let U, P R
Proof: (i). By definition of rough degree,
Similarly
Hence
For any sets A and B, |A ∪ B| = |A| + |B| − |A ∩ B|. It follows that
Now by definition of rough degree
We obtain
(ii). By definition of rough degree σ p↑ (X ) = 1−ρ p↑ (X ) . Since
By routine simplifications, we get (i)
Proof: It is analogous to Theorem 12. 
Proof: Follows from the respective definitions.
V. THE MODEL AND DECISION MAKING METHODOLOGY
Assume that U = x j : j = 1, 2, . . . , n is the universe of alternatives and C = {a 1 , a 2 , . . . , a m } is the collection of characteristics or attributes, and ω = (ω 1 , ω 2 , . . . ω l ) T is a weight vector for these attributes, with ω i ≥ 0 for i = 1, 2, . . . , l and l i=1 ω i = 1. Let E be a finite set of the domain for the information function g (x i , a k ) and the value of information function g (x i , a k ) is belonging to [0, 1] . We can construct the fuzzy information system (U, C, ω, E) .
A. MAIN STEPS OF THE DECISION MAKING MODEL
We are now ready to state the steps of the proposed multiple attributes decision making problem with fuzzy information based on the optimistic multigranulation fuzzy upward rough set based on fuzzy upward β -covering.
Input: Fuzzy Information system (U, C, ω, E) ;
Step 1: Construct the upward fuzzy preference relations R ↑ a k , where k = 1, 2, . . . , m;
Step 2: Construct the fuzzy upward β-neighborhood a k N ↑β x j of x j with respect to a k ;
Step 3: By using the principle of fuzzy TOPSIS method, construct the individual's best and worst fuzzy decision making objects a k X + and a k X − where Step 5: Computing the ranking function δ k x j , where
Step 6: Computing the optimal index function δ x j , where δ x j = m k=1 ω k δ k x j and the weight of every attribute according to δ k x j , by
Step 7: Present the ranking according to the values of the optimal index function.
Output: Sort the ordering for all alternatives. Time Complexity: The time complexity of the proposed algorithm is O n 2 + mn .
VI. AN ILLUSTRATIVE EXAMPLE
While treatment a disease, doctors usually combine some kinds of medicines to treat a disease. Let U = x j : j = 1, 2, . . . , n be the universe of n kinds of medicines, V = {y i : i = 1, 2, . . . , m} be m main symptoms (for example dizzy giddy, cough, fever, etc.) of a disease A, and E be a finite set of the domain for the information function g (x i , a) . In this study, the value of information function g (x i , a) is belonging to [0, 1] , which shows the degree of recommendation of medicine x i by the doctor a. A Ra↑ i x j denote the efficacy value of the medicine x j for the symptom y i (i = 1, 2, . . . , m, j = 1, 2, . . . , n) . For a critical value β suppose that for each medicine x j ∈ U, there is at least one symptom y i ∈ V such that the efficacy value of the medicine x j for the symptom y i is not less than β, and P R ↑ a is a fuzzy upward β-covering of U. Then the fuzzy upward β-neighborhood a N ↑β x j of x j with respect to a is a fuzzy set given by where k = 1, 2, . . . , n, which denotes the minimum value among all the efficacy values of each medicine x k for treating the symptoms. If a fuzzy set µ denote the ability of all medicines in U to cure the disease A, then we can take its approximate evaluation according to the lower and upper approximation of µ. Let U = x j : j = 1, 2, . . . , 9 be the set of medicines and a i be the criteria. Then the evaluation of U by the a i , is given in Table 1 .
Using the relation (5) to compute the fuzzy preference degree of the alternative x i (i = 1, 2, . . . , 9) to the x j (j = 1, 2, . . . , 9) , one get upward fuzzy preference relation on criterion a 1 (See Appendix 1) . Similarly using the relation (5) to compute the fuzzy preference degree of the alternative x i (i = 1, 2, . . . , 9) to the x j (j = 1, 2, . . . , 9) , to get upward fuzzy preference relation on criterion a 2 (See Appendix 5) . Further using the relation (5) to compute the fuzzy preference degree of the alternative x i (i = 1, 2, . . . , 9) to the x j (j = 1, 2, . . . , 9) , one get upward fuzzy preference relation on criterion a 3 We see that P R By using the principle of fuzzy TOPSIS method to acquire the best and worst optimal fuzzy decision making objects we have a 1 X + = Finally, we can see that the ranking of the nine alternatives is
This ranking shows that the medicine x 2 is the most important for the treatment of the disease A.
VII. COMPARISON AND DISCUSSION
A comparative analysis among the methods of Ma [42] and Yang & Hu [48] with our proposed method is discussed in this section. On one hand, in light of the numerical example of the previous section, we compare the methods of Ma and Yang and Hu with our proposed method. On the other hand, the above mentioned methods can not make a decision in some situations for example when β = 0.5, while the proposed method can handle this situation without any defect. In the study of multiple attributes decision making (MADM) problems with fuzzy information, there are many decision making methods based on a fuzzy binary relation. However, not all MADM problems can be characterized by a fuzzy binary relation. For this reason, we set methods to solve MADM problems with fuzzy information based on the optimistic multigranulation fuzzy upward rough set based on fuzzy upward β-covering. Furthermore, by comparative analysis, we find that our proposed method is more widely used than the above mentioned other methods based on a fuzzy binary relation. Conclusion 1: Preference analysis is an important task in intelligent data analysis and machine learning. The logsig transfer function, which is widely used in BP neural networks employed by Hu et al. [54] to compute the fuzzy preference degree. Subsequently Pan et al. [55] pointed out that this transfer fuzzy preference degree is not additive consistent suggesting another transfer function. In the present study we pointed out that the transfer function for computing the fuzzy preference degree of [55] for the construction of upward/downward fuzzy relations are not additive consistent by utilizing a counterexample. Further their corrected versions are presented. Similarly, we have constructed the upward consistency matrices of experts which satisfy the upward additive consistency and the upward order consistency. The ideas of upward boundary constant for the modification of the upward consistency matrix is also a goal of the present study. Another novel contribution of this paper is to put forward the idea of upward consistency degree between upward fuzzy preference relation and upward consistency matrix which shows that how much a fuzzy system is consistent. Based on these notions new types of upward modified consistency matrix is studied. Another main contribution of the present study is to establish the new fuzzy upward β-coverings, fuzzy upward β -neighborhoods and fuzzy upward complement β-neighborhoods. We then propose multigranulation optimistic/pessimistic fuzzy upward rough set based on fuzzy upward β-covering and investigated their properties. Finally we applied our new approach to multiple attribute decision making problem based multigranulation optimistic/pessimistic fuzzy upward rough set. The decision making procedure and the methodology as well as the algorithm of the proposed technique are given. The detailed comparison of the present work with other methods to multiple attribute decision making problem illustrate the advantages of the presented work and limitations of other studies. 
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